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ON BOUNDARY INTEGRAL EQUATIONS IN ELECTROELASTICITY*

A.0. VATUL’YAN and V.L. KUBLIKOV

A class of plane electroelasticity problems of the steady vibrations of
bodies with a smooth boundary is studied. A system of boundary integral
equations for the components of the displacement vector and the
potential is formulated on the basis of the fundamental solution
constructed and its analysis.

1. Let the body occupy a two-dimensional connected domain Q in the =z, plane
bounded by a smooth closed contour L. Let L =[1{JL® (I'NL*=(), where the part 1 of the
boundary is electroded while the other part L? is not.

We apply a generalization of the Betti reciprocity theorem to the case of an electro-
elastic medium /1/ to derive the fundamental system of integral equations by assuming that the
vibrations mode is steady and obeys the law exp (—iw?). In conformity with the theorenm, we
examine two states of the medium u{™, u{™, o'V, o}, D\, n=1,2.

These states are described by a system of electroelasticity equations (here, unlike /1/,
we consider an inhomogeneous equation for the electric field)

o + XM+ potu™ = 0, 1 =1,3; DM+ f™M=0; n=1,2 (1.1
where f is the electric charge density, and D; are the components of the electric induction
vector. Taking account of the governing relationships R @B, n=1,2 we have
from the first two equations in (1.1) /1/

S (XOu® — xPu®) aQ 4 S (P{Pu® — p@uDydL = ek“S EWER — DED) a0 (1.2)
Q L Q

Using the relationship

(ny _ (n) (n} —
Dl\' _ekijeij' +8kjbj , n=1,2

and considering the electric field potential: Ey= —¢,;, We analogously obtain
P
_ S (D§1)¢(2) _ D;‘?) (P(l)) ny dL — S (f(l)(p(Z) _ f(ﬂ)‘p(l)) dQ =— €t S (B%)Egrﬂ) —8£§)E;;1>) a0 (1.3)
L ! b

from the last relationship in (1.1).
Comparing (1.2) and (1.3), we have

S FPx® 8@ + § 7xn, dL — S FEOYP a@ + § 7®xn,ar (1.4)
Q L Q L
{41, @, us) = {Xps X2 X5} { Xy, f> Xo} = {Fy, Fo, Py}

T.‘:Ui Tﬂ=D,‘. i,j=1,3

ij i

Considering the desired displacement distribution as the first state in (1.4) and the
potential for F{M —o, X}”= A T%’— T;;, as the second (known), we select the state corresponding

to a concentrated generalized load at the point z—§, where z= (2, 25), £ = (&, &a): F = 845 (z,

B) (Bim is the Kronecker delta, and §(z, %) is a two-dimensional delta-function). The
fundamental solution ‘PS’") of system (l.1) corresponds to this generalized load. We therefore
obtain from (1.4)

S T{j (xy, x3) ‘Y;'m) (81 — 211 Es — 73) n; (24, zs) L = (1.5)
L
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X BB+ {4 (8,85, 2y 290 L, B0
L

AT ®1r by 210 29) = T € — 33, s — 23) X (21, 78 74 (23, 7a)-

Relationship (1.5) enables us to find the displacement and the potential y; within the
body if they are known on its boundary.

2. Let us construct the fundamental solution of system (1.1) of electroelasticity
equations in the case of practical importance when the material of the medium is a piezoceramic,
polarized in the direction of the z,-axis.

Solving system (1.1) in this case /2/ by using a two-dimensional Fourier integral
representation, we have

¥ (4, 1) = _’__ SS P{™ (qy, g, K) exp [i (caty -+ taty)] doty das {2.1)
4n?
P, {ag, a5 k) —
P (o, 0, k)= —Em 1 7 k=0 £
L A N e ) o5
eu0® -+ caatte® — cagk®  (eg5 -+ ey) y04 (€18 + cas) 2123
Polag,amk) =1 (s + es) %10 — 311%;® — Bgsts® o450y + ensts’
(c13 + caa) 0109 €503 - estg®  Cuully? I Cpats? — Cask?

Here T 1is a surface coinciding everywhere with the plane R*with the exception of a set
of real zeros of the polynomial p, (¢, @5, 4), which it envelopes in confirmity with the principle
of ultimate absorption /3/ pipm (@, as, k) is obtained from py (%, a5 k) by replacing the k-th
column by the column (8, 8., 8sm)-

Let us investigate the structure of the set of zeros po (o, as k). Changing to dimension-
less coordinates a, = kP cosy, 3= kpsiny and taking into account the homogeneity of the poly-
nomial py (@5, @, k), We obtain

Po (@1, g, k) = KBpy (B cosp, B sin , 1) = kSFy,p2 [82 — R 3|[* — Ryt =
B® (Fospt + Fosb® + Fog)
Prm (%1, @, K) = hépyr (B cos vy, B sin , 1) = Fia™ps + FIPs 4 Fis™
Foy = po (cos, sinp, 0), Fiy™ = py, (cos ¥, sinp, 0)

fa ha gn &
FM=_L.”( 1n u) Foo—c
fia fa &3 Bul/’ o = cw’
F{M™ = ey Sym I , F™ — gy fu 8, 6zm 812
Som Juz 2 he 8y, 8 Enm
&u
(m) . __ am 2 — .
Fop'=—cm g b, 1" PP = cpgbydyn; k=1,2,3

fu = ey cos* Y 4 coq sint P, frg = (g + e3y) sinp cos

723 = g1 = ~(2yy 05? Y + 3g98in? ), gy3 = ;5 COsP Y - egysin? P
832 = Coa O Y+ caa Sin*§; Ry g% = —(2F))HFoy 4= (Fos? — 4FoyFon)]

where Fy,, ()0 for all + =][0,2n]. We note that
Re W+ ) =Ry (§) =R (—¢), k=1,2

Graphs of the functions R, () and Ry(y) for CdS (the solid lines) and the ceramic
TsTS-19 (the dashed lines) are shown in the figure for ¢ e(0,n/2] (curves I and 2, respectively).
Therefore, the surface T in (2.1) ca be represented in the form T = o, ) x [0, 2], where the
contour o, () issues from the origin and coincides with the real positive semi-axis and
derivatives from it at the real poles Ry (y) (k =1, 2) in the lower half-plane.

We further convert (2.1) to the form

2n

. 1
¥ (- cosm, 7 sinn) = oo S S P (Boos, Bsin, 1) exp [ikr cos ( — )] Bd Pdp 2.2)
0 o4 ()

r=1[E — )+ G — 2", cosn=( — z)/r, sinm = (Es— zH)r
Using the expansions

Hk H;:T) H“")

P](‘m)(ﬁcosw,ﬁsinlp,i)_ i +_5_ R“+Bﬁ e
2
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KRS + PR + FD)

HM™ _
¥ () FolRl’ [R® — Ay']
(m)
H‘""(ﬂ;):li”__- k=1,2,3; 1=1,2
ko Fnlﬁlnﬁg. v y &y thy 1

we convert equality (2.2) into a form containing just single integrals, as is important for
applications

e

T
) 1 1

¥y (reosm, rsinm =5z Jy + 5 S  H () {aui oxp [iz (r, 9, m)] —
0

{

.
I
w -

28;(r b, MY, k=12,
zy (r,p, M) = krRy (§) | cos (p — 1) |

H Ji=J3=0,

S,-(r,lb.n)=coszicizj+siuz sizj; si(t)=—S 7 dt; ci(ty=— 7 dt

¢ sint cgn cost
t t

Regularization of the integral J, must be realized in calculating ¥,;™ by using the
concept of the Hadamard finite value /5/

8

7= § o0y cos ir cos 0 — 1 - 0w +
01

1l
§§ 1 0 fcos 478 cos 0 —my — 1) 2 0y =
00

Hyo ($) [€ + In | kr cos (b — ) [] dy.

S n

where ¢ is Euler's constant.
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Thus (2.3) determine the fundamental solution ¥,/ (k =1,2,3) of system (1.1).

3. We will derive the fundamental system of boundary integral equations. To do this the
passage to the limit as t{—-ye=lL must be made in (1.5). Applying the well-known procedure
/4/, we have (L, is an arc of a circle of radius e with centre at y)

nmgmmugl,gs, a1, )AL = ¥; (v, ys)c;’“)ﬂing S A (yy, ys, @1, 23) dL,. (1)
13 i !

~V 7 L—Lg
C§m) = lim S Tg;") (Y1 — &1, Ys — 23) ; (21, 25} AL

£~
€

We consider the limit of the first integral on the right-hand side of (3.l1) by setting
B = v/e in representation (2.2) and going over to the local coordinate system =z, =y, + ecosf

Z3 = yg + esin b -

ik
egm Z_T'nTlim[ g EWS Ny () I (e, m) dn + (3.2)
g—~0 -
k=1,2 0
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eujS N, IV e, n)dn], j=1,3
[}

For j=2 we obtain an analogous expression by replacing em: by e, and ey by ea
in (3.2). Here

cosh, !=1,
N,(e)={sin9' 1=3° It (e, m) =

kL
S P{™ (v cosm, vsinn, e?)v?exp [— ikv cos (11— B)] N, (8) dv d®
% o

We evaluate the limit

3.3
Lim Iff™ (e, n) = P{™ (cos n, sin, 0) ¢
£—0

A 1}

S N; (6) exp [— ikv cos (n — 6)] dv dO =
[}
o

i . 4 t T A
- pﬁm (cos 1, sin 7, 0) [N,- M+ ), -1 =T M (—2— -Zt*q)]
t==1

Substituting (3.3) into (3.2) and carrying out the requisite reduction, we find that
™ - —Y28m (3.4)

The limit of the second integral on the right-hand side of (3.1) is the Cauchy principal
value. In passing, we note that

lim LS Ty5 @ 20) W™ (41— 21, Y — 29) n; (2, 23) B, = O 3.5)
-1

is calculated analogously.
Therefore, to take account of (3.1), (3.4), and (3.5), we obtain after passing to the
limit as §(—y in (1.5)

1
T35 (w10 29) 5™ 9y — 70, 43 — ) my (22, 70) AL = = Xm (V1 ¥9) +

v. p. Tg;") W —2uys—2) X (20 2 my (21, 2)dL,, (Y el, m=1,2,3

e ey

Thus, the plane problem of the steady vibrations of an electroelastic medium is reduced
to a system of three singular integral equations. We note that the well-developed methods of
boundary elements /4/ are sufficiently efficient for systems of this kind, and enable the
mechanical and electric fields to be calculated for a broad class of linear electroelasticity
problenms.

The authors are grateful to I.I. Vorovich for their interest and advice.
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